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troduction

this report we give a survey of the number theoretical prob
termining the frequency of those natural numbers m whose pri
visors are all smaller than ma, where o is a fixed real numb
Let g(m) be the largest prime divisor of the natural numb
d let G(n,a) be the number of natural numbers m with the pro s

< n and g(m) < m*. The above mentioned frequency will then b

fined by
G(a) = lim.G(_n_?_a._). R
pre O

will be shown that G(a) exists and is continuous for all o ¢

tisfies
G(a) =0 (oo < 0)

{ G(a) =1 (a > 1)

A

6'(0) =2 6(3%) (0 <a < 1)

1-a

order to study G(a) in more detail it is convenient to cons

e function H(x) defined by
H(x) =1 if 0 <x <1
H(x) = 6(z) if x> 1.

is easily verified that H(x) is continuous on x > 0 and sat

e equation

H'(x) = - — H(x-1) (x > 1).

1
X

will be shown that the Laplace transform of H(x)

n(s) = J e™>* H(x)dx
0
absolutely convergent for each complex number s, which impl at

s) is an entire function. By virtue of a well-known theorem

eory of Laplace transforms we have




1 o+Ai cx
H(x) = 5T lim J e~" h(s)ds.
Ao Jg-Al
the equation
H(x) = - = H(x-1) (x >1)

h(s) = c. * exp (J e - dz),
0 Z
0
c. = J H(x)dx = e’
0
0

s Euler's constant).
e we may write

cy o+Ail S o2

H(x) = eres lim J exp(sx +iJ‘ ” dz)ds.
A»o /g=Ail 0

eans of this relation we will prove that H(x) is tending ver

dly to O as x tends to infinity. More precisely, if we write

(x) = S il ( )
Hix) = x>1),
(x log x)*

. we have

lim sup v(x) < 1.

X-roo

he end of the report we will indicate a method to compute H(

rically.




r a more detailed descrij
refer to [1:6}.
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1. In this section o will always be a fixed number in the interval (0,1)

Definition 1.1.

g(m) and G(i,a) will be defined as in the introduction whereas g(1) = 1.

(1.1)

Definition 1.2.

D(x,t) = card{m|m < x, g(m) < t}. (1.2)

From the last definition it follows immediately that

D(x,t) < x for each x > 0 and each t.

Definition 1.3.

The total number of natural numbers m satisfying m < n and g(m) i.ma,

will be denoted by S(n,a).

Obviously, S(n,a) is the number of solutions m of the system of

inequalities
m<n
n® < g(m).

From this it is easily seen that S(n,o) may also be defined as the

number of solutions (A1, Aps sees Av) of the system of diophantine

inequalities
A A A
2 1. 3 2 ces pvv <n
A A A
4 1,452 vy @ \
(2 3 s o e Pv)i pv (1'3)
> 1.
ol v—

Lemma 1.1.

G(n,a) = n - S(n,a). (1.h4;




>f: This is an immediate consequence of definitions 1.1 and 1.3.

is easily seen that system (1.3) is equivalent to the following one

>\1 A1 Av
2 *3 *..p, In
S A1 A1 Av %
2 ° 3 ° o 00 pv ipv (1'5)
A > 1,
v =

ls clear that the index v can only take the values 1, 2, 3, ..., n(n),
that Av can only take the values 1, 2, 3, +se., E&]. Furthermore,
ls easily verified that the number of solutions of (1.5) with A, = i

< nq equals
P, = q

min{[&l -1, [2log n]} + ) D(p

) (1.6)
3<p,<n” 1

V=

that the number of solutions with AV = i and P, > n® is equal to

n
na;Z,m D(Zs py_y)e (1.7)
p,<n P

3 we have

e 1.2.

total number of solutions of (1.5) is

&l

S(n,a) = 5_:_2’1 {miné[&:[ -1, [210g n]) +
1oy
* z a D(pvq ’ pv—1)
3<p <n
+ I oG op, )l (1.8)




1
yo
lim%— ) miné[a:[ -1, [‘ ]) = 0,
nre T i=1
1
1 Ea] 1 2
lim sup — ) min([a-l -1, r_lc
n->o i=1

| A

&
Lim sup—:; ) ([;1—] - i)

n-re i=1

lim— L ] D ) =
nr>e © i=1 3<p <n
B 1
. 1 o
lim sup — ) ) D(pv ‘1) A

n>e i=1 Bf_pvf_na

1
b 1.4
o
lim sup ?11- ' Z z o Py
n-e i=1 3<p <n

1
1 &_I o -
lim sup — ) mn%) (n
n->e i=1

1
d)d

]
X 1 % a 1-a
llmsup-ﬂz Mn") * n =
n->o i=1

11 il nO" ) . [—1-:[ =0
im sup — 5 .
n-re n




T
na 1.5.
&
lim— ) 1 0(pp, ) =0 (1.11)
n->e 1=2 n <pv§p P,
1
e
>f: 0 < lim sup — ) o ) D(EI, Pv—1)~i
n->e i=2 n'<p <n P
1
]
< lim sup — Z Z Ef.i
n-e i=2 na<p <n pi
1
&
< lim sup z o Z 15 =
n-e 1=2 n <p_<n P,

| A
1B
|_J
|_J
8
2
3]

ma 1.6.
G(a) = 1 - 1lim Sn,a) _ 3 14m L ) D( ) (1.12)
n n _o -1
n->e n>  n <p_<n
these limits exist.
of: This is a simple consequence of lemmas 1.1, .3, 1.4 and 1.5.
ce the number of natural numbers m < x with the ‘ty g(m) 5_pv_1

equal to (c.f. Landau [15],51L)
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the pr

1 - 11
n-)

it exi

3 we w

ve tha

DL 1 BIe] B

PP, p<q q<r

lemma

! -1 (-1

<p,<n PP, p<

udy (1 n more detail; in

=1+ if%iu<1.
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v

Xt sec




n this section a will be a fixed number in the interval E%,

e p, > na, P i_pv and a 3_l-imply pp, > n, we have

2
[pg_p:[+-...}=0.

) ) {[33-1_2

n’<p <n p>p FPv  p<a
e Gla) =1 - lim~ ] 1.
n>e © n <p<n

re replace

1
na<p_<_n p

error will be less than or equal to

1 Joq= m(n) = n(n) _
n _o n
n <p<n

‘e, we may write

Gla) =1 - lim ) =
o b
n>® n <pin
:e (c.f. Landau [15],p. 201)
Z 1. log log x + B + %éﬁ%;
p<x P &

‘e B is a constant and V(x) is a bounded function on x > 2, !

’

na<Pin P og n
a
a V(n™) 1 1
- -+ —— = — \
(log log n~ + B 3 log n) log 3 + O(log n)

20)




1 immed ronsequ

‘em 2.1
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n this section o will always be a fixed number in the interval
1

- Eﬂ‘

mmediate consequence of this restriction is that we may write

pare (1.13))

1 n 1
—_— D(-——- p ):— g +
n na(EV:p pv’ v-1 n na(p <n x|
1 n 1 :
o na<g <n PEP Lgp;l ! n na<z <n <q [p ] '
— v S P_P p<q
T D R R = Rl
<S LN ]

n'<p <n p>p_p<q T

. this it is clear that, in order to obtain G(a), it is sufficient

tudy the behaviour of

1
- LI (3'2)
n na(EVip Png qu r<s qu...rsp

. tends to infinity.
s easily seen that (3.2) is equal to

:
ey K Z k-1 Z K
n'<pi<\/3 P1§Pgi\/§1‘ PpP3~ \jrpie

n
eee z . E;;Eg—rtt—igq. (3.3)

P—<p<-—-—-————————-
k-1 k—p1p2...pk_1

e omit in (3+3) the brackets [ ], the error will be not larger than

) I e -
k k-1
n<p, < /B P151’21\/’§‘1' Pk-1<Pk5p1p:...pk

1
n

S S ] Aoe—Be ) <

p p LI B ) p
o k 3 1P2 k-1
n<p VA B Py gy PPy Py p
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<27 ) 1

— o logn P.DPreeeP
a k n 172 k-1
ntps VA By oY DD,

c e Pk—2

n U.)

y virtue of ———————— > p,_ > P > 4ee > P, >0
DDyee Py — K k-l 1

:

) —_—
<\[ T-(k=27a P1P2"* *Px_1
S| n

R lfg n z z
n%<p < k n na< < k-1 ﬁ -0, na<
Pz P Py-1

=2 _( 7 L) ) Ly ) 1

o logn ET- Ef Pr_1
na<PTi3§q? 1 na<p2i-§¢y€5_a 2 na<pk_1i_¢1-(k-2)u

_ M 1 1 1-(k=2)a 1
" a logn (log ka o(log n)) +or (log 20, * O(log n))
- L w
= (compare (1.21)) O(log n) (n > @), (3.4)
ence we can confine ourselves to the study of
1 ) y y N R
’ n<p, < %p “PoZ k\%ni Pp_1<P <———i————p1p2.“pk
1— 1—=2— o k-1 k—p1p2...pk_1
1 1 .
= Z 5—' Z 'p-— O z -!1)— o (3-5)
o k 1 k-1/n 72 n k
n'<p VO pp,S D] pk—1<pk—<‘p1p2...pk_1

) Here we make use of a very weak form of the prime number theorem;

M is some constant > 1.
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e
1 1 1
z 'p—_ z 'p—— oo e z P—-:
o 1 _ 2 n k
n <P1i5 B PyTPy Px-1"Px 5 p ...
172 k-1
1 1 1
S N T S "N L.
a kK —p E;fyﬁz: 3 n k
no<ps VR Tl pypas 5 Py 1 P75
Py Ppee Pg_q
- 1 o) @), (3.6)
] k P
n <p1§_\/?? 1
8 sufficient to study the multiple sum
1 1 1
z 5— Z 'i)— . Z ;. (3.7)
o k 1 k-1/n 2 n k
np i VE P ppS P, Pr-1 PP ppe By
nition 3.1.
6(x) = ] log p, (3.8)
p<x
9 -
e(x) = —(i‘-});—-—}i . (3.9)
a 3.2
lim e(x) = 0. (3.10)
X->o

f: This lemma is equivalent to the prime number theorem and will be

idered as well-known (c.f. Landau DSJ)-

nition 3.2.

p(A) = sup |e(x)]. (3.11)
X>A

rder to obtain the limit of (3.7) as n tends to infinity we prove

following lemma.
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3.3.
1<A<B,P=[a] +1,q= [E],
) f(u,x) is a real function on the domain
D= {(u,x)|A <u<B, x> a}
such that 0 < f(u,x) <M on D,

i) for each fixed x >a, f(u,x) is monotonically nonincreasi

on A <uc<B,

B
I Lelp,x) = J %;%ﬁfi%I du + A )
A<p<B A &

1

6] < O(s——=) + M + u(a) - % (

log A r=p r+1)log(r+1)
1
I = flp,x) =

A<p<B
: % £lr,x) | 6(r) - 8(r=1) _

= r log r
% fex) % 8(r) = 8(x=1) = 1, oy =

r=p r log r r log r

) % f(r,x) + % r +ree(r) - (r=1) = (r=Ne(r-1) - 1 "
r=p T log r »=P r log r

% f(r,x) . % r o e(r) - (r=1) « e(r-1)

r=p T log r r=p r log r

. fr,x) . £(r,x) £(r+1,%)
) rié r log r * ri? re-st) {r log r Tf+1)log(r+1)} +

f(r,x) =

_(p-1) - e(P-1) - £(Pyx) Q- Q) - £(Q+1,x)

P log P (Q+1)log(Q+1)

~
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.8 easy to showvthat

Q Q
flr,x) _ f(u,x) 1
rgP r logr jpulogu du + 063 log 5
(P=1) « e(P-1) - £(P,x) _ 1
P log P - o(log P) and
Q E(Q) ° f(Q+1,X) = 0Of 1 )
(Q+1)1log(Q+1) log P’°
;hermore we have
1 e - (HEl e )
op roo el r log r (r+1)log(r+1)’' —
y ? cle(r)] {f(r,x) fr+1,x) } =
=L r E\r r log r (r+1)log(r+1)’ ~
Q
_ L f(r,x)  f£lr+l,x) fr+1,x)
=] |e(x)] {log r  log(r+1) * (r+1)log(r

o o oo - G2 | i)
1 Q 1
__O(log ) + M« u(p) - rg; (r+1)1og(z+1)"
e
O<l°; 2 (10; Y

lemma follows.

in application we prove

(k =1, 2, 3, ...) then




16

y 1

p L ) Z
na<p1i\k/r'1‘ !

) 1 1
k-1 Py n Py
P1Pp \/; Pt PS5 D, by

.0 .Pk—1

k-1/n / n )
k u U, Uyesell
Voo du, J 1 5 (12 k-2 au .
u, log u ”'J u log
17y 2 EH k-1 Y1

d
x 8. (n,a)

T oz 0 + k (3.19)
1 Uy 08 Uy

(uniformly) lim Sk(n,a) = 0 (k fixed, le <o 5_%0.
n-—ro

From (1.22) it follows that the lemma is correct for k = 1

: the lemma is correct for k = 1, 2, 3, eeey Q.

1 .
5-5_& i—q+1 we then may write

) = ] . ) 1

P D Do,1
v + 1 n 2 n +1
RRVES p1<p2i@/: p <P, o &

P, q

<
R )

N VA
2 _

p,u
Z 1 { 1 du2 172 du3
P u, log u u, log u, °°
P1i.%:}/;? 1 P, 2 2 u, 3 3
n
P, Usessl
172 duq*T (IL_ log P, )}
u log u qa'p,’ logn - log p
uq q+1 q+1 1 1

Z , J 1 du, f%ue'“u du 41
1 . o(1)
o< Q] - P, D, U, log u, uq uq+1 log uq+1
1_
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n
tse of — > ®©® gs n > ®
Py

1 . log P, ) 1
qt1 — log n - log p, -q’

re let
= q-1/ x X
iycgﬁ du,, Utz du oo« oYy du_,,
£ux) = J u, log u J u, log u "'J u lg u
u Ve 1O U Uy, 3 3 ug g+ 08 UgH
(3.21)
e domain

e induction hypothesis, f(u,x) is bounded on D (compare (3.4) and

1)); moreover, it is easily verified that f(u,x) satisfies all other

tions of lemma 3.3 (A = xa, B = x1/q+1, a = 21/a)

\3/'.1_1‘_‘ _n
J ‘{7’? du J Y qu Uylge ety du
1 U

1 2 a+1 + A
[ H
o u, log u log u, u uq+1 log uq+1
n 1 q
(3.22)
la] < of L—) M u( % (r+1 lo (r+1)
log n r=P g
q+
o) 4 M w(n®) \/ﬂdu T .
log n J u log u
o
= 0(=——) + u(n®) + 0(1) = o(1) (n > =), (3.23)
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ler with (3.20) this proves the lemma

3-50
1, 0 < a < 1 0 < b. < 1_
? k? i k-1
re
X b1 X
) =) (
0 u u,u
du1 J 1 du2 J 172
u, log u, u, u, log U, u,
by
( X
uu LI ]
j 1Upe oYy au, _
u Uppq 108 Upyyg
b b b b
OdV1J1 dV2J2 dv3 J'k
v v v
a 1 v1 2 Vs 3 Vi
1—v1 1-v2 1-v£
: Ifx>1, a>0, bo > 0 we have
b
0
x au bO log x
[ |
<2 bt Log Yy a log x

shows that the lemma is correct if k

is correct for k = 0, 1, +.e, r=1.

. % b1
bd da (E_) a
Jx u1 J 1 u2
u, log u, Uy u, log Us

by induction.

dVyp

k+1

dv 0 dv
=
a

1
1

= 0. Now assume

then

(3.2k4)

he

du

log ur+1

L}
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b
0 b b
Jx du1 J 1 dv2 J 2 dv3
u, log u v v, °°
& 1 1 log u, 2 Uy 23
log x - log u, 1—u2
b, log x b b b
0 aw J 1 dv2 J 2 dv3 J' r E
a log x v W Vo Us V3 u, v
log x-w
1=u 1-u
2 T
b b b b
J 0 C].V1 J 1 dv2 J 2 dv3 j r dvr+1
v v v, °F° v ’
a 1 v, 2 3 u, r+1
1—V1 1—v2 1-ur

h proves the lemma by induction.

s clear that this lemma is applicable to (3.19)

ind

a 3.6.

lim ) ! ) ...

D, )
o o _ k 1 k-1 “2
n<p; VB P1<P25-\v),;: Py1°Py

_ J]/k dv1'J1/k—1 dv, J1/k-2 dv J1 dv,
v v v, 7 v
a 1 v, 2 Vs 3 Vi1 kK
1—v1 1—v2 1—vk_1

ill be clear that we can now state without proof

rem 3.1.

exists for all real values of‘ o and moreover

dv

vr+1

nseque

. .Pk-—1
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rom (3.27) it is easily deduced that G(a) is con
over, it is even easy to show that G(a) is diffe

o < 1 and satisfies the equation

=)

— (0 <a<1).

6'(a) = T a(

s obvious that G(a) is completely determined on

(ii) &(a) is continuous on a > 0

) if 0 < a <

(1ii) 6'(a) = = Glr2—

nition L.1.

m
™
1}
e
Hy
o
A
b
A

a 4.1,
H'(x) = = — « Hx - 1) (x> 1).
£ B (x) =L 6(d) =
1
= X B I L =]
= xG( 1) 2 T x G(x 1) T Ty
1 = — X
X
18 h.2.

his formula is due to L.E. Fleischhacker.

t1s on a > 0O,

ble on

(L4,
by

(k.

(L4,
- 1),

(L.
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': Obviously the lemma is correct for t = 1 t > 1 we put
t
o(t) = J H(x)dx -t -

rentiating ¢ (t) we find

o'(t) = H(t) - H(t-1) - H(t) - (¢) = 0.

s $(t) is constant on t > 1.

3

1
lim ¢(t) = J H(x)ax - H(
t+1

ave

1 proves the lemma.

3 b,3.

H(x) >0 if x > 0.

f: Suppose X, is the smallest zero of H(x) e H(x) is po
0<x<1we have H(x) >0 on 0 < x <Xxys

X

J ’ H(x)dax > 0.

x0-1

this is a contradiction because

a b.b,

~ is strictly decreasing on x > 1.

yf: This is a simple consequence of lemmas d 4.3,




If

f: Sin

. this

eans o

23

on x > 1,

< 2 we have

d2 1
H"(x) = —3 (1 = log x) = - > 0.
dx b4
we have
_d 1 _ 1 1 H(x-2)
(x) = ax (f X H(x—1)) -T2 H(x-1) + x x-1 > C

X

fferentiable in x = 2, the lemma has been proved

L H(x) (x > 1).

Alt) < gt z

;) is concave on x > 1 we have

X+1
{H(x) + H(x+1)} > j H(t)dt = (x+1)H(x+1).
X

lity it is easily deduced that

! H(x) (x> 1).

) < vy z

consequence we have

1 o . pt

(n) < = (n=2,3,4,...)

3¢5¢T*... (2n=1) (2n)!

ling's formula we see that

n n n -n

.(n)<2-n!~2-n-e 2mn _
. — 2 — =
2n). (2n)2n . e 2n 'h_n_n\
en
=-m (n = 2, 3, )4, ...)




2k
k: By the concavety of H(x) on x > 1 we can also

t+1 1
(t+1)H(t+1) = J

H(x)dax > H(t +~§)
t

1 1 1
H(e+) > gy B+ 5) > ey 1)

rom this inequality it is easily seen that

22n

H(n) > TEHTT « H(2

upper bound of H(x), together with the fact that

) (n=4,5,6

=

> 1, shows that the Laplace transform of H(x)

rges absolutely for each complex number s. Hence

‘e function.

. 4.8,
S % _ 4
h(s) = exp(y + J z— dz)
0
» vy is Euler's constant.
® -SX d ® -SX
s e " x dH(x) = - — J e dH(x) =
JO ds 0
=_-L [e78% < H(x)| +s J H(x) + e “Yax}
ds 0 0
- - % [H(0) + s - n(s)} = - sh'(s) - h(s).

~

(A%
~
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hermor ave
o [eo] (o]
J e xdH(x) = { e 5% .« xaH(x) = J e™* o x .
0 /1 1
= - J H(x-1)dx = - j e S ) piy)ax = - &7 . 4)
0
e
sh'(s) + h(s) = e° « n(s) 5)
it fol hat
e™® _ 1
h'(s) = h(s) - . 6)
so we
S 72 _ 4
h(s) = cy * exp(J az). T)
Z
0
lay als e
»* ® e-z
h(s) = o * exp (- —— dz - log s). 8)
s
L the t of Laplace transforms we know that
lim o « h(o) = H(0);
g->©
1 (4,18 ‘ollows that
lim o ¢ h(o) = c:.
[ohuad
e,
c;' = H(0) = 1,

h(s) = exp(- J e—Z—- dz - log s). 19)
s
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well-known that
lim('j sz—logc):-y
o
at
h(0) = J' H(x)dx = e’ = 1.781,072,417,9
0

proves that

s =2

h(s) = exp(y + J e =1 42).
Z
0
em L4,1.
¢, O+AL x S % _ 4
H(x) =57 lim J e”" . exp(J ——7;41—— dz)ds.
Tl pse Jg-Ai 0

: This is an immediate consequence of the previous lem

known theorem in the theory of Laplace transforms.

this theorem it is easily deduced that

H(x) = Sl lim e 5% exp(J SLET——-dz)ds.
0

¢, J0+Ai (s 2
A»w ¢ g-Al

ration by parts yields

¢, -sx 5 .2 _ 4 o+Ai o+A1 o~S%
) = 5 lim { exp(j —-Er——-dz) + J
A 0 o-Ai Jo-ai ¥
s 2 _
exp(J - dz)ds} =
0
S 1T .2 _ -sX 8 o2 _ 4
=57 exp(J - dz) lim { — exp(J - dz)
0 Ao 1
o+A1 -sXx s S o2 _
+ J C exp(J - dz)ds} =
o-Ai 1

(k.20




co * Sy . o~S% s z o+A1

s lim { — E-exp(J — dz) o+
Ao 1 o-A1l

o+A1 o~ SX &S _ s 2

+ J . « — exp(J — dz)ds},
o-Ai ¥ S 1

1 z 1
‘e ¢, = exp(J — dz).

1 0 z

s z

.5 easily verified that J %— dz is bounded for F
1

ixed); hence we obtain from (4.21) that

H(x) = gﬂi‘ lim

c.eC J0+Ai e-sx s

Ao Jg-pi X s

s'ver, this integral is absolutely convergent, so

<y o+eo] o—5% &S _ 1 s
B = oy | S S e
g=o1 0
1 this relation we will deduce
)rem 4.2,
e writes
X v(x)
H(x) = —————— (x> 1)
(x log x)

(=1

lim sup y(x) < 1.
X
ls well known that we may take o < 0 in (4.19); t
{11 be > 0. If we stipulate that each integratio:

1ight line or segment, we may write

(4,21)
: 0 >0
Z
S 4z)as.
(4,22)

7e may write

iz)ds. (k4.23)

(k.24)

(4,25)

in (4.23)
will be a
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cpCy (* e—(c+1t)x SOFit_y o+it e
1(x) = 5 " . exp( 2
) oo (o+it) 1
29°Cy [+ e—(c+1t)x It 1+it 2
2m X ) . exp( E—'dz
(o+it) 1
2 eC_°C +0 —0X o] o+it =z
017 [T et L] S asle
—c0 o +t 1+1it
1+1t o2
here c, = sup  exp (IJ — az|))
=<t <40 1 %
c.°C.°C +o —0X o utit
01 72 e e 1 e
o j X 2 2eXP(|J g oullat
-0 o +t 1
C . *Cc.*C. (+® —0X o o u
Y P R £
-00 x o +t 1
c.°Cc._ °C -0X g u o0
01 2 e e
= " (e + 1)exp(J E—-du) J —
1 — g
c.°c.¢C -0x o u
0 "1 2 e e m
o " (e” + 1)exp(J1'E— du) ~ )
fine
cg =cy ey c,
o Ju K
J1 . du= (1 + €(o)) - ' )
. easily shown that
lim €(c) = 0. })




e 9% &7 + 1 ~ e’
s (=) exp{(1 + €(0)) =} <
0% o . K
. " . -0— ° exp{(‘] + 8(0)) . .-6——} =

+ exp{-ox - log x + 0 - log o + (1 + e(o))

o
exp{-x(o - g;) -log x +0 - log o + £(o)
o so that

K
Y(o) =0 - ox (x fixed)

see that ¢ is the only solution of

1, (o =1) - e’
b'd 2 °
o

1 =

tion is denoted by o(x) then it is easily

o(x) > log x + log log x

olx) = log o(x) . (1) (x> =)
(4.29) equals
+ exp{-x(o(x) - G?i§z1 + 105 X _ OiX) , Lo

ed tha
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1d that

>s the m.
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this section we will discuss briefly a method to compute H(x)
ically.

tarting point is

H(x) = 1 (0 <x<1)

x+1
(x+1)H(x+1) = J H(t)dt (x > 0).

,approximate the integral

JXO+1

%0

H(t)dt (x> 1) (5.2

ans of the trapezoidal formula

n-1
+2 ) H(x
k=1

1 {H(x

2n +'§) + Hxy + 1)}

O) 0 0

tain, because of the concavity of H(x) on x > 1, that

x0+1 1 n-1 k.
(x,*+1)H(x *+1) = J H(t)at < o {H(xo) +2 ) H(x, + ) + H(x,
X k=1
0
llows that
1 Sl k
H(xg*1) < Zn(xy+1) - 1 {H(xg) + 2 k; H(xy + 2}

if one has upperbounds for H(x) at the points

X +—E—, (k =0, 1, 2, ¢ee, n=-1)

0

an compute an upperbound for H(x0+1).

auing in this way one can compute upper bounds for H(x) at the

v

s x. + 1 + 53(v =1, 2,3, «o.). On the other hand, approximating

0
ategral (5.2) by

+ 2k - 1)

H(x, on

1

s

1
ooy




32

*inds, also because of the concavity of H(x) on x > 1, that

1 2 Ok—1
Hxg+1) > n(x,+1) kz1 Hxg + )

:, as soon as one has lower bounds for H(x) at the points
2k-1

en
t1). If one also knows lower bounds for H(x) at the points
%,(k =1, 2, ..., n-1) one can apply the same method to compute

7er bound for H(xo + 1+ %H). Repeating this process one finds

» bounds for H(x) at the points Xy * 1+ %Es(k =2, 3, 4, ...).

starting point for the computations one may take of course Xy = 1

,(k =1, 2,3, «e., n) one can compute a lower bound for

1e chooses the grid sizes in the above integral-approximating
sdures small enough, one may expect that the corresponding upper
Lower bounds for H(x) will not differ very much.

31 computations show that this is indeed the case. Performing
romputations on the Electrologica-X8 of the Mathematical Centre
nsterdam, using an ALGOL 60 program (with n = 200), we found
the corresponding upper and lower bounds for H(x) were equal up
; least the first significant digit for all x < 100.

z more refined integral-approximating formulae and smaller grid
5 we were able to compute H(x) for values of x up to at least
1000.

#« we include a table for H(x) with a five or more significant

re accuracy.




le. H(x) = a(x) - 10720%)

a(x) b(x)
2 0.306 852 0
3 0.486 083 1
4 0.491 092 2
5 0.354 724 3
5 0.196 496 L
7 0.874 566 6
8 0.323 206 i
9 0.101 624 8
0 0.277 017 10
0 0.246 178 28
0 0.326 90k L9
g) 0.682 549 T2
0 0.671 533 96
J 0.589 802 121
d 0.702 809 147
0 0.152 686 173
J 0.753 ko2 201
d 0.100 059 228
g) 0.576 171 286
9} 0.659 516 345
g) 0.267 213 405
J 0.588 780 L67
9 0.983 383 530
9 0.47T7 838 857
J 0.279 185 1201
d 0.505 73k 1558
9 0.458 767 3463




34

ture

ENAKKER, J.J.A., The differential-difference equation
f'(x) + f(x-1) = 0, Thesis, Technical University, Eindhoven, 1966.

LLMAN, R. and B. KOTKIN, On the numerical solution of a differenti
fference equation arising in analytic number theory, Math. Comp.

(1962)473-475.

UIJN, N.G. DE, On the number of uncancelled elements in the sieve
Eratosthenes, Nederl. Akad. Wet., Indag. Math. 12(1950)247-256,

UIJN, N.G. DE, On some Volterra integral equations of which all
lutions are convergent, Nederl. Akad. Wet., Indag. Math.

(1950)257-265.

UIJN, N.G. DE, On the number of positive integers < x and free
prime factors >y, Nederl. Akad. Wet., Indag. Math. 13(1951)50-60

UIJN, N.G. DE, The asymptotic behaviour of a function occurring
the theory of primes, Jour. Indian Math. Soc., N.S., 15A(1951)
-32. ‘

UIJN, N.G. DE, On the number of positive integers < x and free of
ime factors > y, Nederl. Akad. Wet., Indag. Math. 28(1966)239-24T.

CHSTAB, A.A., Asymptotische Abschdtzungen einer algemeinen
hlentheoretischen Funktion, Mat. Sbornik 2(1937)1239-1245,

CHSTAB, A.A., On those numbers in an arithmetic progression all
ime factors of which are small in magnitude, Doklady Akad. Nauk

SR, N.S., 67(1949)5-8.

CHSTAB, A.A., Uber eine asymptotische Abschidtzung der Anzahl
hlen einer arithmetischen Progression die nicht durch relativ

eine Primzahlen teilbar sind, Mat. Sbornik 28(1951)165-18L,

OWLA, S.D. and T. VIJAYARAGHAVAN, On the largest prime divisors
' numbers, Jour. Indian Math. Soc., N.S., 11(1947)31-37.

CKMAN, K., On the frequency of numbers containing prime factors
' a certain relative magnitude, Ark., Mat. Astr. Fys. 22, A10,
930)1-1k,




35

L.K., Estimation of an integra
0o2.

L.K., Abschitzungen von Expone
r Zahlentheorie, Enzykl. Math.
I (1959)70-T2.

U, E., Handbuch der Lehre von
ea Publ. Comp., New York (1953

J. VAN DE and E. WATTEL, On t
rential-difference equation ar

matical Centre, Amsterdam, Rep

S.H., Eine Bemerkung lber die
Math. Sinica 4(1954)381-384.

KERK-DIJKERS, M.P. and J. NUIS
e solution of a differential-d

r theory, Mathematical Centre,

WAMI, V., The number of positi
factors > x© and a problem of

49)99-109.

WAMI, V., Number of integers i
ession < x and prime to primes

Soc. 2(1951)318-319.

ngkow Kao Hiao 2(1951)

ummen und ihre Anwendung
', Band T 2, Heft 13,

rteilung der Primzahlen,

lerical solution of a
in analytic number theor

" 1968-005 (1968).

mung eines Grenzwertes,

he asymptotic behaviour
nce equation arising in

rdam, TN 50 (1968).

egers < x and free of

Pillai, Duke Math. Jour.

ssigned arithmetic

c
er than x , Proc. Amer.







